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Effective macroion-macroion potentials in asymmetric electrolytes
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Effective macroion-macroion potentials in solutions of macroions carrying 60 elementary charges and either
monovalent or divalent counterions have been calculated at different concentrations by means of Monte Carlo
simulations with a consequent inversion of radial distribution functions according to Lyubartsev and Laak-
sonen@Phys. Rev. E52, 3730~1995!#. With monovalent counterions, the effective potentials are essentially of
a Yukawa type, whereas with divalent ones, an attractive region appears at short separation. A charge renor-
malization scheme invoking the cell model and the assumption of a Yukawa-type potential works favorably
only in the case of monovalent counterions.
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Charged colloids appear in a wide variety of biologic
and technological systems, and the physico-chemical pro
ties of these solutions are dominated by electrostatic inte
tions. The classical Derjaguin-Landau-Verwey-Overbe
~DLVO! theory @1,2# predicts purely repulsive forces be
tween like-charged colloids. Although this cornerstone
colloidal science is qualitatively correct in most application
it is presently challenged by recent experimental data in
cating the existence of effective attraction between such
loids @3–6#. A more general description of the interactio
between charged colloids allowing for attractions is n
warranted, and intense theoretical and simulation activi
have recently made some progress@7,8#.

The primitive asymmetric electrolyte model, where t
charged colloids~referred to as macroions! and the small
ions are explicitly present, constitutes a firm basis for exa
ining properties of colloidal solutions. Employing th
model, attractive forces between like-charged macroi
and/or vapor-liquid phase separation arising from elec
static interactions have been observed in computer sim
tions@9–16# and proposed by various theories@17–25#. In all
of these simulation studies, and in some of the theories@17–
19,23,24#, the attractive force appears to be of short-ran
~operating on a nanometer scale!, whereas in the other theo
retical investigations, a more long-range attraction is pres
at certain conditions@22# or appears as a collective effe
@20,21,25#. So far, in bulk solution, simulations have on
confirmed a presence of the short-range attraction, which
be viewed as originating from spatial correlations appear
between ions residing on different macroions. Short-ra
attraction of the same origin appearing between pla
charged surfaces was demonstrated some 15 years ago@9,17#
whereas similar progress has been proven to be more d
cult for other geometries.
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1063-651X/2001/63~2!/020401~4!/$15.00 63 0204
l
r-
c-
k

f
,
i-
l-

s

-

s
-
a-

e

nt

an
g
e
r

fi-

A much simpler view of an asymmetric electrolyte can
obtained by considering a reduced system where an inte
tion over the degrees of freedom of the small ions have b
performed. Provided that theN-particle potential of mean
force is used for the effective macroion interactions, this
formally an exact way of treating the colloidal system~as it
is the case of McMillan-Mayer theory of solutions@26#,
where solvent degrees of freedom are treated implicitly!. In
practice, however, the many-body potential is approxima
as a sum of effective pair potentials. Once it exists, a se
effective pairwise potentials solving the inverse proble
constitutes its unique solution, provided the full system p
sesses pairwise interactions only@27#. Moreover, the corre-
sponding ~pairwise! potentials provide maximum entrop
among all other~nonpairwise! potentials, consistent with a
given set of radial distribution functions~RDF’s! @28,29#.
One therefore can hope that the effective potentials repre
the optimal choice in the sense that they reproduce the b
structural properties~i.e., the RDF’s! of the system and treat
ing other higher-order correlations within the maximum e
tropy principle.

In this Rapid Communication, we report on effectiv
macroion-macroion potentials in solutions of macroions c
rying 60 elementary charges and either monovalent or d
lent counterions obtained from Monte Carlo~MC! simula-
tions. In the reduced model with only macroions explicit
present, this effective potential is thus the exact pairw
potential ~within the statistical uncertainty! to be operating
between the macroions to produce the macroion-macro
RDF of the original primitive asymmetric electrolyte mode
We also compare the exact effective potentials with appro
mate ones as obtained by means of a charge renormaliz
scheme@30#. Other approximate liquid state theories and a
proximate methods have been used in the past to add
effective interactions between colloids@31–37#.

The systems under consideration are asymmetric elec
lytes described within the frame-work of the primitiv
©2001 The American Physical Society01-1
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model. The model contains two types of spherical char
particles:~i! macroions of diametersM540 Å and charge
ZM5260 and ~ii ! small ions of diameters I54 Å and
chargeZI511 or 12, representing the counterions~no extra
salt is added!, whereas the solvent enters the model only
its relative dielectric permittivity« r . The system with
monovalent counterions~60:1 system! represents an aqueou
micellar solution of charged surfactants, and the analog
system with divalent counterions~60:2 system! has been pre-
viously found to exhibit macroion pairing due to attraction
electrostatic origin@13,14#. The interaction between the pa
ticles is pairwise additive, and for pairi j , where i and j
denote either macroion or counterion, it is given by

Ui j ~r !5H `, r ,~s i1s j !/2

ZiZje
2

4p«0« r

1

r
, r>~s i1s j !/2,

~1!

wheree is the elementary charge,«0 the dielectric permittiv-
ity of vacuum, andr the center-to-center separation betwe
the particles.

The two systems are considered at macroion number
sities rM5rM

0 , 2rM
0 , 4rM

0 , and 8rM
0 , where rM

0 52.5
31027 Å23 corresponds to a macroion volume fractio
fM50.0084. A temperature ofT5298 K and a relative di-
electric permittivity of « r578.4 were used. The simulate
systems were composed of 80 macroions and 4800~60:1
system! or 2400 ~60:2 system! counterions. The macroion
macroion RDF,gMM(r ), were sampled employing a gri
length of 0.5 Å. The Ewald summation for handling th
long-range electrostatic interaction and the cluster m
technique for improving the MC sampling were employe
further details of the simulation protocol can be found
Refs.@30,38#.

The reconstruction of the effective macroion-macroi
potentials, UMM

e f f (r ), from the macroion-macroion RDF’
was performed using an inverse Monte Carlo~IMC! tech-
nique @28#, previously applied to aqueous solutions of sm
ions @29,39#. For the present system, the procedure invol
MC simulations of a system containing macroions only w
iterative correction of the trial potential in order to reprodu
gMM(r ) of the full system using exact statistical-mechani
relations. The grid for the potential was set the same as
the original gMM(r ). The macroion-macroion potential o
mean forceUMM

pm f(r )[2kT ln gMM(r ) was taken as the ini
tial potential, and typically, six to seven iterations were
quired to getUMM

e f f (r ) with appropriate accuracy. The ave
age relative deviation ofgMM(r ) from the original one did
not exceed 0.01.

The ~Wigner-Seitz! cell model applied to an asymmetr
electrolyte, solved by either the Poisson-Boltzmann~PB!
equation@35# or the MC simulation@30#, in conjuncture with
a charge renormalization~CR! procedure constitutes an ap
proximate and simpler method to obtain effective macroi
macroion potentials. The two variants of this approach w
be referred to as the Cell–PB-CR and the Cell–MC-CR
proach, respectively. The effective macroion-macroion
tential is assumed here to be of the form
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UMM
e f f ~r !5U0

exp~2kr !

r
, ~2!

where the prefactor U05@(eZM
e f f)2 exp(ksM)/

„4p«0« rkT(11ksM/2)2
…# and the inverse screening leng

k5(rMuZIZM
e f fue2/«0« rkT)1/2 depend on the effective mac

roion chargeZM
e f f . For the 60:1 system, we previously foun

that the Cell–MC-CR approach~i! predictedgMM(r ) in very
close agreement with those of the primitive model, and~ii !
gave a more accurategMM(r ) as compared to the Cell–
PB-CR approach~see Fig. 7 of Ref.@30#!.

The effective macroion-macroion potentials for the 60
system as obtained from~i! the IMC procedure using
gMM(r ) of the primitive model as input and~ii ! the Cell–
MC-CR approach are given in Fig. 1. We found th
UMM

e f f (r ) obtained from the IMC procedure can well be fitte
by a Yukawa potential of the form given by Eq.~2!. Param-
eters of the fit as well as ofUMM

e f f (r ) of the Cell–MC-CR
approach are collected in Table I. We note that the prefa
U0 obtained from the Cell–MC-CR approach is higher th
those obtained from the Yukawa fit to the IMC resul
whereas the opposite holds for the screening lengthk21.
Hence, the Cell–MC-CR approach underestimates the ef
tive macroion-macroion repulsion at short separations
overestimate it at longer ones, the intercept appearing
proximately at the mean interparticle distancerM

21/3 @30,36#.
Nevertheless, the accuracy of the Cell–MC-CR results
the 60:1 system is satisfactory. The effective macro
chargeZM

e f f varies between221 and224 ~cf. ZM5260)
and grows negative asrM increases.

The corresponding effective macroion-macroion pote
tials for the 60:2 system are displayed in Fig. 2. In this ca
however,UMM

e f f (r ) possesses an additional attraction at sh
separations, and hence predictions based on the cell m
are qualitatively incorrect. The long-range tail ofUMM

e f f (r )

FIG. 1. Effective macroion-macroion potentials for the 60:1 s
tem obtained from the IMC procedure~solid curves! and the Cell–
MC-CR approach~dashed curves! at indicated macroion numbe
density given in units ofrM

0 .
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can still be well fitted by the Yukawa potential~Fig. 3! with
a weakly density dependent prefactor and a decay len
proportional to the square root of the density~Table I!. The
parameters of the Yukawa fit are compared with results
the Cell–MC-CR approach in Table I. Despite the failure
short distances, the Cell–MC-CR approach describes rea
ably the true effective potential at large separations. The
fective macroion charge lies in the range25.3 and26.9 and
becomes less negative asrM increases.

Figure 3 displays that after a subtraction of the Yuka
tail, the residual part ofUMM

e f f (r ) is repulsive atr ,44.5 Å
and attractive in the interval 44.5 Å,r ,55 Å with a mini-
mum of about21.5 kT. Moreover, this additional attractio
is practically independent onrM , which is related to the
very weak density dependence of the ion accumulation at
macroion surfaces@14#. The lower end of the attraction re
gion corroborates well withsM1s I and the upper one with

TABLE I. Parameters of Yukawa fits to the effective macroio
macroion potentials from the IMC procedure and of the effect
macroion-macroion potentials predicted by the Cell–MC-CR
proach for the 60:1 and 60:2 systems at different macroion num
densities.

IMC Cell–MC-CR
rM /rM

0 a U0 /kT k21/Å U0 /kT k21/Å ZM
e f f

60:1
1 3070 52 3880 46 221.3
2 3820 36 4580 32 221.5
4 5170 25 6550 22 222.4
8 12 220 16 12 120 15 223.8

60:2
1 298 63 379 57 26.9
2 308 42 347 42 26.3
4 286 29 342 31 25.8
8 220 23 356 23 25.3

arM
0 52.531027 Å23.

FIG. 2. Effective macroion-macroion potentials for the 60:2 s
tem obtained from the IMC procedure~solid curves! and the Cell–
MC-CR approach~dashed curves! at indicated macroion numbe
density given in units ofrM

0 .
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sM1a, where a5@p(sM1s I)
2ZI /ZM#1/2'14 Å corre-

sponds to the characteristic spacing between neighbo
ions adsorbed on the macroion surface@19#.

Figure 4 shows the effective macroion-macroion poten
for the 60:2 system and for the corresponding system w
point counterions,s I50, at rM5rM

0 . We observe that the
reduction of the counterion size leads to a stronger lo
range screening, and a deeper minimum appearing at sh
separation. The minimum appears still at finite macro
separation, owing to the resistance of the counterion laye
be compressed.

We previously favored explaining the short-range attr
tion appearing in the 60:2 system by spatial correlations
tween the counterions residing on neighboring macroi
@13#, a picture advocated by Kjellander for charged plan
surfaces@17#. Our calculated effective macroion-macroio
potentials support this view in several aspects:~i! the attrac-
tive component is virtually density independent,~ii ! the dis-

e
-
er

-

FIG. 3. Effective macroion-macroion potentials for the 60:2 s
tem: full potentials are obtained from the IMC procedure~solid
curves!, Yukawa fit of the long-range repulsive tails~dashed
curves!, and the residual part of the potential~symbols! at indicated
macroion number density given in units ofrM

0 .

FIG. 4. Effective macroion-macroion potentials for the 60:2 s
tem obtained from the IMC procedure at indicated counterion
ameter and at macroion number densityrM5rM

0 .
1-3
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tance range of the attractive component agrees with the t
cal spacing between the adsorbed counterions, and~iii ! the
attraction becomes stronger as the counterion size beco
smaller through a reduced macroion-counterion contact s
ration. It should be mentioned that the correlation effects
also present in the 60:1 system, although completely mas
by the dominating double layer repulsion. Moreover, sin
~i! the short-range attraction is similar fors I50 and 4 Å and
~ii ! depletion attraction is excluded in the case ofs I50, we
conclude that depletion contribution to the attraction is n
ligible for the finite-sized counterions@10#. Finally, we em-
phasize that the expected long-range Yukawa tail appea
at sufficiently small density and counterion size for finit
sized counterions@37# is demonstrated here by the esse
tially exact IMC technique.

To conclude, we have successfully calculated effect
macroion-macroion potentials appearing in the primit
asymmetric electrolyte model and shed new light on
short-range attraction appearing in solutions of charged
loids. The approach used requires accurate determinatio
the macroion-macroion RDF within the primitive model, a
the effective potential of the reduced system is constructe
si

m
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precisely recover the macroion-macroion RDF of the f
system. With common computational tools, one is now a
to simulate accurate structural properties of primitive asy
metric electrolyte models with macroions carrying up
circa 100 elementary charges@16#. Therefore, the application
of these techniques will be of great value for studying larg
scale spatial or temporal properties of such systems, w
the direct simulation using the primitive model is unfeasib
or not necessary. Hence, we can more efficiently stud
wide range of charge stabilized colloidal systems, includ
ionic micellar solutions, microemulsions, silica particle
etc., once their distribution functions are known.
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